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Notations

Z: : the set of integers, N : the set of positive integers, N,=NU{0}.

Let Ac N,. The submonoid of N, generated by A is

,
(A) = {ina, :reN,X,..., X, €N,,0,,...,0, € A}
i=1
A submonoid A of N, is called a numerical semigroup if its complement in N, is
finite.

A submonoid (A) is a numerical semigroup if and only if g.c.d(A) = 1.

IfA={a, ...,a.}, wewrite (A)=(a,, ..., a,).



For a numerical semigroup S,

m(S): the multiplicity of S; e(S): the embedding dimension of S;
f(S): the Frobenius number of S;  ¢(S): the conductor of S;

g(S): the genus of S; R(S) : the ratio of S.

S : a numerical semigroup, m(S) =m, e(S) = e, f(S) = f, c(S) =¢, g(S) =g, and R(S) =R.

Customary notation for S = N, with conductor c:

S={s,=0,s,=m,s,,...,S,,,S5,=C>}
wheres,_;<s; for 1<j<n. Theelementss,=0,s,=m,s,,...,s,, are called small
elements of S. The number of small elementsisn=n(S)=|Sn{0, 1, ..., f}].

It is easily observed that g+n=c, n<g and thus 2n <c<2g.



Apéry Sets

For a € S\ {0}, the Apéry set of S with respect to ag is defined as

Ap(S,a)={s€S:s-a ¢S}.

We have

Ap(S, a) ={w(0)=0, w(1), ..., w(a - 1)}

where w(i) =min{x€S:x=i(moda)},0<i<a-1.

S={(a, w(l),...,w(a-1))
f(S) = max(Ap(S, a)) - a.

Taking a =m, we seethat S=(m, w(l),..., w(m - 1)). Thus e <m.



Quotient of a Semigroup

For a numerical semigroup S and a positive integer d, the quotient S of S by d is
definned as d

gz{xe NddxeS}.

It is easy to see that > is a numerical semigroup containing S, and S N, if, and

d
only if d € S. It is also easy to see that if a € S\ {0} and if d is a divisor of g, then

Ap (E , gj:{%:weAp(S,a) , d is a divisor of W}.



Arf Semigroups

A numerical semigroup S is called an Arf numerical semigroup, or simply an Arf
semigroup if the following condition is satisfied:

XV, ZES; x>2y>2z > x+y-z€S. (theArf condition)

N, is an Arf semigroup.
{0, g+1—} is an Arf semigroup forany g € N.

S=(4,7)isnot an Arf semigroup: 7+7-4¢ S.

Note that a numerical semigroup S is an Arf semigroup if and only if the Arf condition is
satisfied by the small elements of S.

Every Arf semigroup is of maximal embedding dimension: e(S) = m(S)

Thus if S is an Arf semigroup, then {Ap(S,m) \ {0})u{m}={m, w(1),..., wim -1)}, is
the minimal set of generators of S.



ge (M, c) : the set of Arf semigroups with multiplicity m and conductor c.

N,z (m,c) : the number of Arf semigroups with multiplicity m and conductor c.

In a recent paper we proved that N, (p,c) = N, (p,c+p) if pis primeand c > 2p .

Thus N, (p,c) is (eventually) a constant function when restricted to congruence classes
modulo p.

In the same paper we had noticed that the above property holds also for N,,. (m,c)
with composite m, not for all but some congruence classes modulo m.

In the present work, we prove that

N sre (p",c) = N sre (p",c+p™)
if p isprime,ne N, c>2p" and

c=(tp" " +1)(mod p"),1<t < p-1.

That is, N, (p",c) is (eventually) a constant function when restricted to congruence
classes of (tp"! +1) modulo p”.



Theorem. Let p,n,c € N, where p is prime, c=(t p"'+1)(mod p"), 1 <t < p-1,and c > 2p".
Then

“are (P, p") ={(p" + S) A0} : S € g (P7) }
and thus

N pre (p"c+p") = NAR/:(,D”/C)-

Lemma 1. Let S be an Arf numerical semigroup and s €S. If s+1€5, then s+keS for all k € N
and thus c<s.

Lemma 2. If S is an Arf numerical semigroup and deN, theng is an Arf numerical semi-
group. Moreover, if dis a divisor of m(S), then m(gj:?

Lemma 3. Let S be an Arf numerical semigroup with multiplicity m and conductor c. For
any seS\{0}, (s+S )u{0} is an Arf numerical semigroup with multiplicity s and conductor
C+S.

Lemma 4. Let S be an Arf numerical semigroup with multiplicity m and conductor c.
Then —m+(S\{0}) is an Arf numerical semigroup with multiplicity s,- m and conductor c-m,
where s, is the third small element of S.



Lemma 1. Let S be an Arf numerical semigroup and s €S. If s+1€S, then s+keS for all keN
and thus ¢ <s.

Lemma 2. If S is an Arf numerical semigroup and deN, then > is an Arf numerical semi-

e sy ms) ¢
group. Moreover, if dis a divisor of m(S), then m(gj ==

Lemma 3. Let S be an Arf numerical semigroup with multiplicity m and conductor c.
For any seS\{0}, (s+S )U{0} is an Arf numerical semigroup with multiplicity s and
conductor c+s.

Lemma 4. Let S be an Arf numerical semigroup with multiplicity m and conductor c.
Then —m+(5\{0}) is an Arf numerical semigroup with multiplicity s,- m and conductor c-m,
where s, is the third small element of S.

Corollary. If the third small element of an Arf numerical semigroup S is a multiple of m(S),
that is, s,=2m(S), then —m(S)+(S\{0}) is an Arf numerical semigroup with multiplicity m(S),
ratio R(S) - m(S) and conductor c(S) - m(S).

Lemma 5. Let S be an Arf numerical semigroup with multiplicity m, ratio R, and con-
ductor ¢, where gcd(R,m) = 1. Let r, ; be the remainder just preceding the last nonzero
remainder of R and m in the Euclidean algorithm. Then

(WR=2c—-—m+r +1, (i) Ap(S,m)\{0} c (c-m, ).



Lemma 6. Let S be an Arf numerical semigroup with multiplicity p”, ratio R, and conductor

S
c=(t p"+1) (mod p"), where n>2andte{1,2,..., p-1}. Then — is an Arf numerical
p
semigroup with multiplicity p”! and conductor C(Ej - C+p_1, whence
p p

c(fj =(tp"* +1)(mod p" ).
p

Moreover, if R is divisible by p, then R is the ratio of s .
p p

Lemma 7. Let S be an Arf numerical semigroup with multiplicity p”, ratio R, and conductor
c=(t p"1+1) (mod p"), where t € {1, 2, ..., p-1}. Assume also that c > 2p". Then

()R=2c—p"+3, (ii) Ap(S,p"\{0} = (c-p" , o0 ).



Theorem. Let p,n,c € N, where p is prime, c=(t p"'+1)(mod p"), 1 <t < p-1,and c > 2p".
Then

are (P +p") ={(p" + S) A0} : S € ppp (P70) }
and thus

N pre (p"c+p") = NAR,_-(,D”,C).
Proof. Let S € .. (p",c). Applying Lemma 3 with s = p", we get
{(p"+S) A0} :S e pr(p™c) Y= - “ape (P, cHp") .

Now, let T € .> .- (p",c+p"). We have R(T) > (c + p")-p"+3 > 2 p" by Lemma 7.

Therefore the second smallest nonzero elementin T is 2p”, and thus S = -p"+(T\{0}) is an
Arf numerical semigroup with multiplicity p” and conductor c+p"-p" = ¢ by Lemma 4.

Hence T = (p" +S) U{0}) where S €./ .. (p",c). So
Zare (07, + ") S{(p" + S) A0} : S € ppe (P7,0) ),

proving the desired equality. The last assertion is then obvious.



Theorem. Let p,n,c € N, where p is prime, c=(t p"'+1)(mod p"), 1 <t < p-1,and c > 2p".
Then

are (P +p") ={(p" + S) A0} : S € ppp (P70) }

and thus

N pre (p"c+p") = NAR,_-(p”,C).

Corollary. Notations being as in the theorem,
N sre (p",c+ hp") = NARF(p",C).

forany h € N.




Example 1. Let S €. 7., (16,c) where c =9(mod 16), and c > 32. Then
The ratio R of S is one of

c—12,c—-6,c—-4,c—-3,c—-2,c.
There is only one Arf numerical semigroup with ratio c— k for k €{0,2,3,6,12} and
there are 2 Arf numerical semigroups with ratio c —4.

For instance, .- (16,41) consists of the following semigroups:

5,={0,16,29,32,35,38,41-},
S,={0,16,32,35,38,41—},
$,={0,16,32,37,39,41-}, 5,={ 0,16,32,37,41—},
$s={0,16,32,38,41-},

S:={0,16,32,39,41-},

S,,={0,16,32,41-}.



Example 2. Let S €., (25,c) where c = 6(mod 25), and ¢ > 50. Then

The ratio R of Sis one of

c—22,¢-20,c-17,¢-15,c-14,¢c-13,c-12,¢-10,¢-9,c-8,c-10,c-9,c-8 c.

For instance, .- (25,56) consists of the following 38 semigroups:

5,={0,25, 34,43,50,52,54,56—}, S,4=10,25,36,47,50,53,56—},
5,={0,25,36,47,50,53,56—}, s,,={0,25, 39,50,53,56—},
5,={0,25, 39,50,53,56—}, S,,={0,25,41,44,47,50,53,56—},
5,={0,25,41,44,47,50,53,56—}, S,,={0,25,41,47,50,53,56 -},
5.={0,25,41,47,50,53,56—}, s,,=10,25,41,50,52,54,56 -},
5.={0,25,41,50,52,54,56—}, 5,.={0,25,41,50,53,56—},
5,={0,25,41,50,53,56—}, 5,6=10,25,41,50,54,56—},
54={0,25,41,50,54,56—}, 5,,7{0,25,41,50,56 -1},
5,={0,25,41,50,56}, S,s=10,25,42,44,46,48,50,52,54,56—>},
$,0={0,25,42,44,46,48,50,52,54,56—}, 520={0,25, 42,46,48,50,52,54,56 1},
$,,={0,25, 42,46,48,50,52,54,56 >}, 530={0,25,42,46,50,52,54,56 >},
$,,={0,25,42,46,50,52,54,56—}, 531={0,25,42,46,50,54,56 1,
5,,={0,25,42,46,50,54,56—>}, 53,={0,25,42,48,50,52,54,56 >},
5,,={0,25,42,48,50,52,54,56—}, 553={0,25,42,50,52,54,56 -1},
5,:={0,25,42,50,52,54,56—}, 53,={0,25,42,50,53,56 -},
5,6={0,25,42,50,53,56—}, 535={0,25,41,50,54,56 -},
5,,={0,25,41,50,54,56—}, 536=10,25,41,50,56—}
5,5={0,25,41,50,56 >}, 5$3,7{0,25,41,50,54,56 -},

S,5={ 0,25, 43,50,56—}, 535=10,25,41,50,56—}
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