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Shifted numerical semigroups

Let M,, = (n,ny,...,n;) denote a numerical semigroup and assume
thatn < n; < --- < ni are minimal generators.
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Shifted numerical semigroups

Let M,, = (n,ny,...,n;) denote a numerical semigroup and assume
thatn < n; < --- < ni are minimal generators.

Consider M, 1., = (n+m,ny +m,...,ni +m) withm € N.

We are interested in the properties of the shifted semigroups M, ,,,.
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Shifted numerical semigroups

Let M,, = (n,ny,...,n;) denote a numerical semigroup and assume
thatn < n; < --- < ni are minimal generators.

Consider M, 1., = (n+m,ny +m,...,ni +m) withm € N.

We are interested in the properties of the shifted semigroups M, ,,,.

Theorem (Vu, 2014) The Betti numbers of the defining ideal of M,, .,
are eventually periodic in m with period ny, — n.

This result was conjectured by Herzog and Srinivasan.
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Notation

o Let M, = (n,n+ry,...,n+rg) withr; <- - <rg.
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Notation

e Let M, =(n,n+r1,....,n+rp)withry <--- <rg.

e F(M,) and PF(M,,) are the Frobenius and pseudo-Frobenius
numbers of M,,.
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Notation

e Let M, =(n,n+r1,....,n+rp)withry <--- <rg.

e F(M,) and PF(M,,) are the Frobenius and pseudo-Frobenius
numbers of M,,.

o d=ged(ry,...,15).
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Notation

e Let M, =(n,n+r1,....,n+rp)withry <--- <rg.

e F(M,) and PF(M,,) are the Frobenius and pseudo-Frobenius
numbers of M,,.

o d=ged(ry,...,15).

e S ={(ry,...,rg). This is not a numerical semigroup if d # 1. The
generators might be not minimal.

Francesco Strazzanti Some asymptotic properties of shifted numerical semigroups



Notation

Let M, = {(n,n+7r1,...,n+rp) withry <--- <rg.

F(M,) and PF(M,,) are the Frobenius and pseudo-Frobenius
numbers of M,,.

d=ged(ry,...,r5).

S = {r1,...,r). This is not a numerical semigroup if d # 1. The
generators might be not minimal.

Ap(S,dn)={ie€ S|i—dn ¢ S},whendn € S.
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Notation

e Let M, =(n,n+r1,....,n+rp)withry <--- <rg.

e F(M,) and PF(M,,) are the Frobenius and pseudo-Frobenius
numbers of M,,.

o d=ged(ry,...,15).

e S ={(ry,...,rg). This is not a numerical semigroup if d # 1. The
generators might be not minimal.

o Ap(S,dn)={ie€ S|i—dn¢ S}, whendn € S.

e Giveni € S, m(7) is the minimum length of a factorization of i

with respect to rq, ..., r;. In general, this is not the minimum
factorization length in S.
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Notation

e Let M, =(n,n+r1,....,n+rp)withry <--- <rg.

e F(M,) and PF(M,,) are the Frobenius and pseudo-Frobenius
numbers of M,,.

o d=ged(ry,...,15).

e S ={(ry,...,rg). This is not a numerical semigroup if d # 1. The
generators might be not minimal.

o Ap(S,dn)={ie€ S|i—dn¢ S}, whendn € S.

e Giveni € S, m(7) is the minimum length of a factorization of i

with respect to rq, ..., r;. In general, this is not the minimum
factorization length in S.

Example Consider Ms3 = (53,55,59,60). We have n = 53, 1, = 2,
ro = 6, r3 = 7, d = 1, therefore S = (2,6,7) = (2,7). In this case
17=2x 2+ 6+ 7and then m(17) = 4.
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Apéry set

Theorem (O’Neill, Pelayo, 2018) Ifn > r2, then
Ap(M,,n) = {i+m(i)n| i€ Ap(S,dn)}.

Moreover, for each i € Ap(S, dn), all the factorizations of i + m(i)n in
M,, have length m (7).
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Apéry set

Theorem (O’Neill, Pelayo, 2018) Ifn > r2, then
Ap(M,,n) = {i+m(i)n| i€ Ap(S,dn)}.

Moreover, for each i € Ap(S, dn), all the factorizations of i + m(i)n in
M,, have length m (7).

If dn > 73, then Ap(S,dn) = {io,...,in—1}, where
) dj ifdjes
1, =
7 \dj+dn ifdjg¢S

Note that | Ap(S, dn)| = n.
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A bijection

Let P, denote the set
P,={ie Ap(S,dn) | f =i mod n for some f € PF(M,)}.
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A bijection

Let P, denote the set
P,={ie Ap(S,dn) | f =i mod n for some f € PF(M,)}.

Theorem Forn > 0, the map,, : P, — P,., given by

. i if i <dn—ryg
1+
i+dr, if i>dn—ry

is a bijection. This induces a bijection p,, : PF(M,,) — PF(M, 4., ).
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A bijection

Let P, denote the set
P,={ie Ap(S,dn) | f =i mod n for some f € PF(M,)}.

Theorem Forn > 0, the map,, : P, — P,., given by

. i if i <dn—ryg
1+
i+dr, if i>dn—ry

is a bijection. This induces a bijection p,, : PF(M,,) — PF(M, 4., ).

[ ExampleLet Ms, = (53,55, 59, 60) and Msar = Mgo = (60, 62,66, 67): |
PF(Ms3) = {176,421,425, 482} P53 = {17,50, 54, 58}
PF(Mgo) = {197, 537,541,605} Pgo = {17,57,61,65}
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Pseudo-Frobenius numbers

Corollary Letn > 0. If f € PF(M,,), f =i mod n withi € Ap(S,dn):

(f) = [+ (m(i) = Dry, ifi<dn—ry
' f+m() +2d - 1)rg +dn  ifi>dn—ry
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Pseudo-Frobenius numbers

Corollary Letn > 0. If f € PF(M,,), f =i mod n withi € Ap(S,dn):

(= [+ () 1 Ty -
! F4m@)+2d—1)rp+dn ifi>dn—ry

Example Let Mz = (53,55,59,60) and Mz, = (60, 62, 66, 67).
PF(Ms3) = {176,421, 425, 482} P53 = {17,50, 54,58}

Remember thatd = 1,7, = 2,79 = 6,73 = 7.




Pseudo-Frobenius numbers

Corollary Letn > 0. If f € PF(M,,), f =i mod n withi € Ap(S,dn):

(f) = [+ (m(i) = )y, ifi<dn—rg
! f+m()+2d - 1) +dn ifi>dn—ry

Example Let Mss = (53, 55,59, 60) and Mss47 = (60,62, 66, 67).
PF(Mss) = {176,421, 425, 482} Pss = {17,50, 54, 58}
Remember thatd =1,r; =2,r, =6,r3 = 7.

m(17)=4 m(B0)=8 mB4) =8 m(8) =9




Pseudo-Frobenius numbers

Corollary Letn > 0. If f € PF(M,,), f =i mod n withi € Ap(S,dn):

on(f) = [+ (m(i) = Dy ifi<dn—ry
' f+m() +2d - 1)rg +dn  ifi>dn—ry

Example Let Mss = (53,55,59,60) and Mss, 7 = (60, 62,66, 67).
PF(Mss) = {176,421, 425, 482} P53 = {17,50, 54,58}

Rememberthatd = 1,7y = 2,79 = 6,73 = 7.

m(17)=4 m(0)=8 m(4)=8 m(58)=9
©53(176) = 176 + (4 — 1) x 7 =197
053(421) = 421 + (8 + 1) x 7+ 53 = 537
0s53(425) = 425 + (8 + 1) x 7+ 53 = 541
053(482) = 482+ (9+ 1) x 7+ 53 = 605
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Pseudo-Frobenius numbers

Let n >> 0 and define the sets
P ={ieP,|i<dn—r}, Pl={ieP,|i>dn—rg}.
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Pseudo-Frobenius numbers

Let n >> 0 and define the sets
P ={ieP,|i<dn—r}, P!'={ieP,|i>dn—r}.
Since i > dn — 7y is equivalent to i + dry > d(n + r) — ry, it follows

P, =P, and P/ . ={i+dr.|i€c P/}

n+rg
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Pseudo-Frobenius numbers

Let n >> 0 and define the sets
P ={ieP,|i<dn—r}, P!'={ieP,|i>dn—r}.
Since i > dn — 7y is equivalent to i + dry > d(n + r) — ry, it follows

P, =P, and P/ . ={i+dr.|i€c P/}

n+rg

Given f € PF(M,,), we denote by )\ (f) the image of f via the map

Prt(A=1)r, © Pnt(A=2)ry © O Pntry © Pn-
Hence’ 993\1(.]0) € PF(Mn-l-ATk)‘
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Pseudo-Frobenius numbers

Let n >> 0 and define the sets
P ={ieP,|i<dn—r}, P!'={ieP,|i>dn—r}.
Since i > dn — 7y is equivalent to i + dry > d(n + r) — ry, it follows

P, =P, and P/ . ={i+dr.|i€c P/}

n+rg

Given f € PF(M,,), we denote by )\ (f) the image of f via the map

Prt(A=1)r, © Pnt(A=2)ry © O Pntry © Pn-
Hence, 993\1(.]0) € PF(Mn-l-ATk)‘

Corollary Letn > 0. Let f € PF(M,,) besuch that f =i mod dn with
i € Ap(S,dn). Then
{f+(m(z)—1)m ifi<n—rg,

A _
Pl = f 4 (i) + O+ Dd— Dare+2dn i >n—re.
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Frobenius number

Letn > 0. Let fi1, fo, ..., fo € PF(M,) corresponding to elements in
P/ andletgs, ..., gs € PF(M,) corresponding to elements in P;.
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Frobenius number

Letn > 0. Let fi1, fo, ..., fo € PF(M,) corresponding to elements in
P/ andletgs, ..., gs € PF(M,) corresponding to elements in P;.

For n big enough we have f; < --- < fo, < g1 <--- < ggand

en(f) < < enlfa) <enlgr) < < @n(gp)
for every A € N.
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Frobenius number

Letn > 0. Let f1, fo, ..., fo € PF(M,,) corresponding to elements in
P/ andletgs, ..., gs € PF(M,) corresponding to elements in P;.

For n big enough we have f; < --- < fo, < g1 <--- < ggand

en(f1) < - <op(fa) < @nlgr) <--- < @)(98)
for every A € N.

Letn > 0 and F(M,) = i mod dn withi € Ap(S,dn).
Theni > dn — ry, and for every A € N holds

Francesco Strazzanti Some asymptotic properties of shifted numerical semigroups



Nearly Gorenstein numerical semigroups

Let H be anumerical semigroup and K(H) = {z e N|F(H)—x ¢ H}.
The trace idealof K(H)istr(H) = K(H) + (H — K(H)).
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Nearly Gorenstein numerical semigroups

Let H be anumerical semigroup and K(H) = {z e N|F(H)—x ¢ H}.
The trace idealof K(H)istr(H) = K(H) + (H — K(H)).

[ Definition H is said to be nearly Gorensteinif H \ {0} C tr(H).
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Nearly Gorenstein numerical semigroups

Let H be anumerical semigroup and K(H) = {z e N|F(H)—x ¢ H}.
The trace idealof K(H)istr(H) = K(H) + (H — K(H)).

[ Definition H is said to be nearly Gorensteinif H \ {0} C tr(H).

Definition Let H be minimally generated by Ay, ..., h;. We say that
(f1,---, fx) € PF(H)* is an NG-vectorfor H, if for all f € PF(H) and i

hi+ fi—f€H.
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Nearly Gorenstein numerical semigroups

Let H be anumerical semigroup and K(H) = {z e N|F(H)—x ¢ H}.
The trace idealof K(H)istr(H) = K(H) + (H — K(H)).

Definition H is said to be nearly Gorensteinif H \ {0} C tr(H).

Definition Let H be minimally generated by Ay, ..., h;. We say that
(f1,---, fx) € PF(H)* is an NG-vectorfor H, if for all f € PF(H) and i

hi+ fi—f€H.

H is nearly Gorenstein if and
only if there exists an NG-vector for H.
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Nearly Gorensteinness is periodic

Theorem Ifn > 0 and M,, is nearly Gorenstein, then M, ., is nearly
Gorenstein for every A € N.

Moreover, if (fo,...,fr) is an NG-vector for M,, then
(@2 (fo),--->0n(fr)) is an NG-vector for My, »,, -
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Nearly Gorensteinness is periodic

Theorem Ifn > 0 and M, is nearly Gorenstein, then M, ., is nearly
Gorenstein for every A € N.

Moreover, if (fo,...,fr) is an NG-vector for M,, then
(‘Pi\p(fO)v 000 7902(fk)> isan NG-vectorforMn+,\Tk.

Example Let M3o = (30, 32,33, 35). Then, PF(M30) = {209,211} and
M3 is nearly Gorenstein with NG-vector (211, 209, 211, 209). It follows
that Ms045, is nearly Gorenstein with NG-vector

(211 4 65X + 522,209 4 65X + 522,211 4 65X + 522,209 + 65X + 51%)
| for all A € N.
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Almost symmetric numerical semigroups

f Theorem (Nari, 2013) Let H = (hy,...,hy) be a numerical semi-
group. It is almost symmetric if and only if ¥(H) — f € PF(H) for
every f € PF(H) \ {F(H)}, that is

F(H)-f+h;€H

forevery f € PF(H) andeveryj=1,...,k.
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Almost symmetric numerical semigroups

f Theorem (Nari, 2013) Let H = (hy,...,hy) be a numerical semi-
group. It is almost symmetric if and only if F(H) — f € PF(H) for
every f € PF(H) \ {F(H)}, that is

F(H)— f+hj€H

forevery f € PF(H) andeveryj=1,...,k.

Therefore, H is almost symmetric if and only if it is nearly Gorenstein
having NG-vector (F(H),F(H),...,F(H)).
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Almost symmetric numerical semigroups

f Theorem (Nari, 2013) Let H = (hy,...,hy) be a numerical semi-
group. It is almost symmetric if and only if F(H) — f € PF(H) for
every f € PF(H) \ {F(H)}, that is

F(H)-f+h;€H
forevery f € PF(H) andeveryj=1,...,k.

Therefore, H is almost symmetric if and only if it is nearly Gorenstein
having NG-vector (F(H),F(H),...,F(H)).

Corollary Letn > 0. If M,, is almost symmetric, then M, . is al-
most symmetric for every A € N.
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Almost symmetric semigroups with even type

Herzog and Watanabe (2019) proved that, when M, has 4 generators,
there are only finitely many m for which M,,.,, is almost symmetric
of type 2.
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Almost symmetric semigroups with even type

Herzog and Watanabe (2019) proved that, when M, has 4 generators,
there are only finitely many m for which M,,.,, is almost symmetric
of type 2.

Theorem M, ,, is not almost symmetric of even type form > 0. In
other words, M, ., is almost symmetric of even type for only finitely
many integers m.
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Almost symmetric semigroups with even type

Herzog and Watanabe (2019) proved that, when M, has 4 generators,
there are only finitely many m for which M,,.,, is almost symmetric
of type 2.

Theorem M, ,, is not almost symmetric of even type form > 0. In
other words, M, ., is almost symmetric of even type for only finitely
many integers m.

However, this is not true when the type is odd.

Example (Numata) Let M7, = (10,11, 13,14). Then
Migpar = (10 44X, 11 + 4X, 13 + 4X, 14 + 4))

is almost symmetric of type 3 for every A € N.
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Numerical semigroups having canonical reduction

Definition (Rahimi, 2020) A one-dimensional Cohen-Macaulay lo-
cal ring is said to have canonical reduction if it admits a canonical
ideal that is a reduction of the maximal ideal.
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Numerical semigroups having canonical reduction

Definition (Rahimi, 2020) A one-dimensional Cohen-Macaulay lo-
cal ring is said to have canonical reduction if it admits a canonical
ideal that is a reduction of the maximal ideal.

The numerical semigroup M,, has canonical reduction if and only if
n+F(M,) — f € M, forevery f € PF(M,,).
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Numerical semigroups having canonical reduction

Definition (Rahimi, 2020) A one-dimensional Cohen-Macaulay lo-
cal ring is said to have canonical reduction if it admits a canonical
ideal that is a reduction of the maximal ideal.

The numerical semigroup M,, has canonical reduction if and only if
n+F(M,) — f € M, forevery f € PF(M,,).

Thisnotion has been introduced independently by Branco, Faria, and
Rosales (2020) with the name positioned numerical semigroup.
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Numerical semigroups having canonical reduction

Definition (Rahimi, 2020) A one-dimensional Cohen-Macaulay lo-
cal ring is said to have canonical reduction if it admits a canonical
ideal that is a reduction of the maximal ideal.

The numerical semigroup M,, has canonical reduction if and only if
n+F(M,) — f € M, forevery f € PF(M,,).

Thisnotion has been introduced independently by Branco, Faria, and
Rosales (2020) with the name positioned numerical semigroup.

Corollary Ifn > 0 and M,, has a canonical reduction, then M, .,
has a canonical reduction for every A € N.
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Residue

The residue of H is defined asres(H) = |H \ tr(H)|.

res(H) = 0 < H is symmetric

res(H) < 1 <= H is nearly Gorenstein.

The residue is a measure of how far a numerical semigroup is from
being nearly Gorenstein.
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Residue

The residue of H is defined asres(H) = |H \ tr(H)|.

res(H) = 0 < H is symmetric

res(H) < 1 <= H is nearly Gorenstein.

The residue is a measure of how far a numerical semigroup is from
being nearly Gorenstein.

One may expect that the residue is periodic, but this is not true.

Example Let Myg 110 = (46 + 11X, 48 + 11X, 52 + 11,57 4+ 11\).
According to GAP its residue should be A + 8.
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Residue

The residue of H is defined asres(H) = |H \ tr(H)|.

res(H) = 0 < H is symmetric

res(H) < 1 <= H is nearly Gorenstein.

The residue is a measure of how far a numerical semigroup is from
being nearly Gorenstein.

One may expect that the residue is periodic, but this is not true.

Example Let Myg 110 = (46 + 11X, 48 + 11X, 52 + 11,57 4+ 11\).
According to GAP its residue should be A + 8.

[ Question Is res(M,yar,) linearin \?
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Reduced type

Let R be anon-regular one-dimensional complete local domain with
residue field k, which is also a k-algebra.

Huneke, Maitra, and Mukundan (2021) introduced the reduced type
s(R) of R.
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Reduced type

Let R be anon-regular one-dimensional complete local domain with
residue field k, which is also a k-algebra.

Huneke, Maitra, and Mukundan (2021) introduced the reduced type
s(R) of R.

Maitra and Mukundan have studied s(R) for numerical semigroup
rings and proved that, if H has multiplicity n, the reduced type of
k[[H]] is equal to the number of gaps of H bigger than F(H) — n.
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Reduced type

Let R be anon-regular one-dimensional complete local domain with
residue field k, which is also a k-algebra.

Huneke, Maitra, and Mukundan (2021) introduced the reduced type
s(R) of R.

Maitra and Mukundan have studied s(R) for numerical semigroup
rings and proved that, if H has multiplicity n, the reduced type of
k[[H]] is equal to the number of gaps of H bigger than F(H) — n.

Assumen > 0. Then, s(k[[My+r,]]) = s(k[[My]]).
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Thank you for your
attention!
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