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Numerical Sets |

® Let Z denote the set of integers, N denote the set of positive
integers, and No = NU {0}. A subset S of Ny that contains zero
and has finite complement in Ny is called a numerical set.

e A numerical set S is a numerical semigroup, if it satisfies that
X, yeS = x+yeS.

e A numerical set S is considered proper if it is not equal to the set
of nonnegative integers.
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Numerical Sets Il

Let us assume that S is indeed a proper numerical set.
* The complement of S within Ny is denoted by G(S).
The elements of G(S) are called as the gaps of S.
|G(S)| = g(S) is called genus of S.
max(G(S)) = F(S) is the Frobenius number of S.
F(S) + 1 = C(S) is the conductor of S.
S={0=sp,51,...,57-1,8n = C(S), =}, si_1 < sjfor1 <i<n;
0=15) < Sy <---< 8y_1 are called small elements of S.
( Where "—” means that all integers greater than C(S) belong to S

)

v,
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Let S be a numerical semigroup.

¢ An integer x is a pseudo-Frobenius number of S if x ¢ S but
x+se Sforallse S\ {0}. We will denote by PF(S) the set of
pseudo-Frobenius numbers of S,

® |PF(S)| =t(S) is the type of S.

e Let S be a numerical semigroup. S is an almost symmetric
semigroup if and only if g (S) = KIS (3],

¢ A numerical semigoup is Arf if for all x, y,z € S with
xX>y>z, x+y-—zeS[_2].
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* A Young diagram is a finite collection of boxes, or cells, arranged
in left-justified rows, with the row lengths in non-increasing order. J

The picture depicted below is a Young diagram with 6 columns and 5
rows.
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* Let S be a numerical set. We can construct a Young diagram Yg
corresponding to S by drawing a continuous polygonal path that
starts from the origin in Z2. Starting with s = 0,

© if s € S, draw a line of unit length to the right,

@ if s ¢ S, draw a line of unit length to up,
and repeat it for s + 1. We continue this until s = F(S). The lattice
restricted by this polygonal path, y axis and the horizontal line that
is g(S) units above the origin defines the corresponding Young
diagram Ys.
It is clear that every Young diagram corresponds to a unique
proper numerical set. Thus the correspondence 5: S — Y,
B (S) = Ys is a bijection between the collection S of proper
numerical sets and the collection Y of Young diagrams.
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Example 2

Let S={0,3,4,5,7,9,11 —} be a numerical set. The Young diagram
corresponding to this numerical set is as follows.

11 | —
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Given a positive integer N, a partition A = [A1, \2,..., (] of Nis a
non-increasing finite sequence of positive integers
AM >N > > XNe_qg > Agsuchthat Ay + o+ -+ X\ = N.

Foreachi=1,2,...,k, the number J; is called a part of the
partition.

The number k of parts is called the length of the partition.
If X =1[\, Ao, ..., Ak] is a partition of N, then we write

A=\, 2, ..., M E N
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e Given a partition A = [A1, A2, ..., A¢] F N, the Young diagram Y,
corresponding to A consists of k columns of boxes with lengths
A1, A2, ..., Ak

e Clearly, every Young diagram represents a uniquely determined
partition. Therefore, we get a bijection a: P — Y, a(\) = Y),
where P denotes the collection of all partitions and Y denotes the
collection of all Young diagrams.

o

The Young diagram in Example 1 corresponds to the partition
[5,3,3,3,2,1] - 17.
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e Let us note that the composition o' 3 is a bijection from the set S
of proper numerical sets to the set P of partitions of positive
integers: ™ '6: S = P,a13(S) =o' (Ys).
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¢ Given a non-negative integer m, let [m] denote the set

{1,2,...,m}.
o \We define a board B with m rows and n columns to be a subset of
[m]x[n].

e We call such a board an mxn board if m and n are the smallest
such non-negative integer.

e Each of the elements in the board is referred to as a cell of the
board.

® The set [m]x[n] is called the full mxn board [1].
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® The rook polynomial
Rg(X)=ro(B) +r(B)x+---+rc(B)x¥+ ... of aboard B
represents the number of ways that one can place various
numbers of non-attacking rooks on B; i.e., no two rooks can lie in
the same column or row.

¢ More specifically, ri (B) is equal to the number of ways of placing
k non-attacking rooks on B.

e For any board, rp (B) = 1 and ry (B) is equal to the number of cells
in B.

v

SUER, SEZGIN (Batman University) Batman University IMNS 2024
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|

Figure: The Board B

For board B, r> (B) = 4 as there are four different ways to place 2
non-attacking rooks on the board. It is not possible to place 3 or more
rooks on this board. Hence the rook polynomial of this board is
Rg(x) = 1 +5x + 4x2.
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semigroups |

¢ |f a numerical semigroup S is both almost symmetric semigroup
and Arf, then S is called an almost symmetric Arf semigroup [5].

o Let A = [\, Ag,..., Ak] be a partition.
@ If \ = o '3(S), for some almost symmetric semigroup S, then \ is
called an almost symmetric partition.
® If A\ = a'5(S), for some almost symmetric Arf semigroup S, then
A is called an almost symmetric Arf partition [5].
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Any almost symmetric Arf partition X is of the form either A\ = [«], or
A=[a+p,a,a—1,...,2,1], where
ge€{1,3,5,...,2a — 3,20 — 1, =}, for some o > 1 [5].

For o > 1, almost symmetric Arf semigroup belonging to the partition
A = [a] is of the form S = {0,a + 1, —}.
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semigroups Il

Fora>1andpg e {1,3,5,...,2a — 3,2a — 1, =}, almost symmetric
Arf semigroup belonging to the partition A = [a + 5, , 0 — 1,...,2,1] is
ofthe formS={0,6+1,6+3,....2a+ 5+ 1,—}.

Theorem 6

| A\

Let S ={0,a+ 1,—} be represented by an almost symmetric Arf
semigroup as in Remark 1 and the Young diagram Ys corresponding
to S. Then the rook polynomial of Ys is

Ry, (x) =1+ ax.

.
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semigroups 1V

LetC={0,8+1,8+3,...,2a + B+ 1, =} be represented by an almost symmetric Arf semigroup as in Remark 2 and
the Young diagram Y corresponding to C. In this case, the rook polynomial of Y is

Ry, (X) = 6y (Yg) + 1 (Yo) X + 02 (Yo) X2 + -+ + Cayq (Yo) x>,
[}

where co (Yo) = 1, ¢1 (Yo) = 2 4 (a4 8), carq (Yo) = Bandforu =2, ...,

atl—p Ep €3 ep
cu(Ye) = S ew > 5#71"-<252<ZE1)>---
ep=1 ep—1=1 eo=1 eq=1

at2—p Cu—1 €3 €2
+ (a+B—p+1) Z Ep—i Z EM_Q.-A<ZEZ<ZE1>>... o
ep—1= EH_2:1 ep=1 eq=
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semigroups V

Example 8

For o = 8 and B = 5, let’s find the rook polynomial of the almost symmetric Arf semigroup C = {0, 6, 8,10, 12, —}. The
YYoung diagram corresponding to C is shown below.

The rook polynomial of Y is RYC (x)=co(Ye) +c1 (Yo)x+ e (Ye) X +c3 (Ye) x3 + ¢4 (Yo) x*. Here ¢o (Yg) = 1,

o (Yo) = 34 +(3+5) =14,and ¢4 (Y) = 5.

Forp=1,2,3 o (Yp)= (E§2:1 e (zif:1 e1)) +7 (z§1:1 1) =(1()+2(1+2)) +7(1+2+3) = 49.and
_ 1 Eg €2 2 2 — —

a3 (Ye) = (Slymrea (T2 e2 (B2 e1))) +6 (X2 mr 2 (T2 e1)) = (1AM +6(1 (N +2(142) =

43. Therefore, Ry, (x) = 1 + 14x + 49x® 4 43x% + 5x*.

v
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® The complement of a Young diagram is found by completing the rectangular grid with the length and width of the first row
and first column respectively [4]. J

Example 9

The complement of Y given in Example 8 is shown below in red.
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Theorem 10

LetC={0,8+1,8+3,...,2a + B+ 1, —} be an almost symmetric Arf semigroup as in Remark 2. The Young diagram
corresponding to C is denoted by Y and the complement of Y is denoted by Y o Then the rook polynomial of Y o’ is

HYC’ () =co (Yor) +c1 (Yor) x+ca (Yor) X2 + - - -+ ca (Yor) x and the coefficients of Ryc, (x) are as follows:
1 ifj =0,
G (Yor) =4 hohu ) (52) (L) U= i1<j<a<s,
S st M) (55 (L) U= B <i<a

Where hy (H) = h,,_1 (H) =1andforp =1,2,...,a —2

a—p p €3 =)
hM(H):zgﬂ Z EM_1.4.<ZE2<ZE1>>..4 o
ep= E“_1:1 ep=1 eq=1
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Example 11

Let's find the rook polynomial of the complement of Y given in Example 8. From Theorem 10, hy (H) = hy (H) = 1 and for
p=1,h(H) = z§1:1 &1 = (1 + 2) = 3. Then the rook polynomial of Y,/ is

Ry, (0 =co (Yor) + 01 (Yor) x +ca (Yor) x2 + c3 (Yor) x® and the coefficients of Ry, (x) are as follows:

¢ (Yor) =1andfor1 <j <3

o (Yor) = Zhoo b (M) (322) (12,) (0 =t = ho (1) () () 11+m () (B) (5)0t = 1(5) () 11+3(5) (§) 0! = 18
o (1) = g (0 (22 (2%, 2 = ro 00 Q) B+ 1 00 () 1+ 1200 () Qo =

13) )2 +3(3) (311 +1(5) (5)0r = o

e (Y1) = oo 09 (32) (52, © = = 00 (§) )31+ 40 () (2 + ro 0 (1) ()11 +

+hs () (3) (5)or=1(3) ()31 +3(3) ()2 +1(1) G) 11+ 0() (§)0r = 125

Therefore,
Ryy () =1+18x+ 91x% + 125x5.
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