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A and B nonempty subsets of Z,
A+ B = {a+ b | a ∈ A, b ∈ B}.

Definition: Let S be a numerical semigroup. An ideal of S is a
nonempty set I ⊆ S satisfying I + S ⊆ I .

• S numerical semigroup, I ideal of S , then I ∪ {0} numerical
semigroup.

Definition: Let S and T be numerical semigroups, we say that T
is an I(S)-semigroup if T\{0} is an ideal of S .

T is an I(S)-semigroup ≡ T is an ideal semigroup of S

Study of ideals of S ⇐⇒ Study of I(S)-semigroups

I ideal of S ⇐⇒ I ∪ {0} is an I (S)-semigroup

I (⟨a, b⟩)-semigroups
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M.A. Moreno-Fŕıas, J.C. Rosales.
The ideals of a numerical semigroup with embedding dimension two.
Acta Universitatis Apulensis.



Some algorithms on I (⟨a, b⟩)-semigroups

1. S numerical semigroup, algorithm to decide if S is an
I (⟨a, b⟩)-semigroup.

2. If S is a numerical semigroup, an algorithmic procedure
to compute the set
{{a, b} ⊆ N | gcd{a, b} = 1 and S is an I (⟨a, b⟩) semigroup} .



Algorithm to determine if S is an I (⟨a, b⟩)-semigroup

Proposition: Let S and T be numerical semigroups. Then T is an
I(S)-semigroup if and only if msg(T ) +msg(S) ⊆ T and
msg(T ) ⊆ S .

Algorithm:
Input: A numerical semigroup S .
Output: TRUE, if S is an I(⟨a, b⟩)-semigroup, and FALSE
otherwise.

1) If msg(S) ⊈ ⟨a, b⟩, then return FALSE.

2) If msg(S) + {a, b} ⊈ S , then return FALSE.

3) Return TRUE.
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Example:
Is S = ⟨4, 9, 14, 19⟩ an I(⟨4, 5⟩)-semigroup?.

1) msg(S) = {4, 9, 14, 19} ⊆ ⟨4, 5⟩.
2) {4, 9, 14, 19}+ {4, 5} = {8, 9, 13, 14, 18, 19, 23, 24} ⊆ S .

3) TRUE.

Example:
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1) msg(S) = {4, 9, 14} ⊆ ⟨4, 5⟩.
2) {4, 9, 14}+ {4, 5} = {8, 9, 13, 14, 18, 19} ⊈ S because 19 /∈ S .

3) FALSE.
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Algorithm: S n. s., {{a, b} ⊆ N | S is an I(⟨a, b⟩)-semigroup}.

Definition: Let S be a numerical semigroup. An integer x is a
pseudo-Frobenius number if x /∈ S and x + s ∈ S for all
s ∈ S\{0}.

PF(S) the set of pseudo-Frobenius numbers of S .

Proposition: If S is a numerical semigroup and S ̸= N, then
S ∪ PF(S) is also a numerical semigroup.

Proposition: Let S and T be numerical semigroups. Then T is an
I(S)-semigroup if and only if T ⊆ S ⊆ T ∪ PF(T ).

Theorem: A numerical semigroup S is an I(⟨a, b⟩)-semigroup if
and only if one of the following conditions is verified:

1) S = ⟨a, b⟩.
2) msg(S) ⊆ ⟨a, b⟩ and {a, b} ⊆ PF(S).

3) msg(S) ⊆ ⟨a, b⟩, a ∈ msg(S) and b ∈ PF(S).
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Algorithm:

Input: A numerical semigroup S such that S ̸= N.
Output: The set
{∆ | ∆ is a numerical semigroup, e(∆) = 2 and S is an

I(∆)-semigroup}.
1) Compute msg(S) and PF(S).

2) A = {X ⊆ PF(S)\{1} | #X = 2 and msg(S) ⊆ ⟨X ⟩}.
3) B =

{{a, b} | a ∈ msg(S), b ∈ PF(S)\{1} and msg(S) ⊆ ⟨a, b⟩} .

4) C =

{
msg(S) if e(S) = 2
∅ otherwise.

5) Return {⟨X ⟩ | X ∈ A ∪ B ∪ C} .
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Example:

S = ⟨4, 5, 6, 7⟩.
1) msg(S) = {4, 5, 6, 7} and PF(S) = {1, 2, 3}.
2) A = {{2, 3}}.
3) B = {{2, 5}}.
4) C = ∅.
5) {∆ | ∆ is a numerical semigroup, e(∆) =

2 and S is an I(∆)-semigroup} = {⟨2, 3⟩, ⟨2, 5⟩} .



Example:

S = ⟨5, 7, 9⟩.
1) msg(S) = {5, 7, 9} and PF(S) = {11, 13}.
2) A = ∅.
3) B = ∅.
4) C = ∅.
5) {∆ | ∆ is a numerical semigroup, e(∆) =

2 and S is an I(∆)-semigroup} = ∅.



Principal I(⟨a, b⟩)-semigroups

Definition: Let S be a numerical semigroup. A S-incomparable
set is a nonempty subset X of S verifying that x − y /∈ S for all
(x , y) ∈ X × X such that x ̸= y .

T is I (S)-semigroup ⇐⇒ T = (X + S) ∪ {0}, X , S-incomparable
set.

#X , ideal dimension of T , dimS(T )

.

Definition: An I(S)-semigroup T is principal if dimS(T ) = 1.

T = ({x}+ S) ∪ {0}, x ∈ X , S-incomparable set.

Proposition: Let S be a numerical semigroup, x ∈ S\{0, 1} and
T = ({x}+ S) ∪ {0}. Then m(T ) = x , F(T ) = F(S) + x and
g(T ) = g(S) + x − 1.
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g(T ) = g(S) + x − 1.
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f : N× {0, 1, · · · , a− 1} −→ ⟨a, b⟩
(λ, µ) 7−→ λa+ µb

is a bijective map.

If (λ, µ) ∈ N× {0, 1, · · · , a− 1}, (λ, µ) ̸= (0, 0), then

T = ({λa+ µb}+ ⟨a, b⟩) ∪ {0}.

Theorem:

1) F(T ) = ab + (λ− 1)a+ (µ− 1)b.

2) g(T ) =
(a− 1)(b − 1)

2
+ λa+ µb − 1.

3) m(T ) = λa+ µb.

4) e(T ) = λa+ µb.

5) msg(T ) = {(1 + α)a+ (µ+ β)b | (α, β) ∈ {0, 1, · · · , λ+ b −
1}×{0, 1, · · · , µ−1}∪{0, 1, · · · , λ−1}×{µ, µ+1, · · · , a−1}}.

T is a MED-semigroup
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Example: T = ({17}+ ⟨5, 7⟩) ∪ {0}.
As 17 = 2 · 5 + 1 · 7, for a = 5, b = 7, λ = 2 and µ = 1.

1. F(T ) = 40,

2. g(T ) = 28,

3. m(T ) = 17 = e(T ),

4. msg(T ) = {(2 + α)5 + (1 + β)7 | (α, β) ∈
{0, 1, 2, 3, 4, 5, 6, 7, 8} × {0} ∪ {0, 1} × {1, 2, 3, 4}} =
{17, 22, 27, 32, 37, 42, 47, 52, 57, 24, 31, 38, 45, 29, 36, 43, 50}.
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I(⟨a, b⟩)-semigroups in general

T = ({n1, · · · , np}+ ⟨a, b⟩) ∪ {0}, {n1, · · · , np} a
⟨a, b⟩-incomparable set and p ∈ N\{0, 1}.

Proposition: The following statements are equivalent.

1) X is a ⟨a, b⟩-incomparable set with cardinality p.

2) X = {λ1a+ µ1b, λ2a+ µ2b, · · · , λpa+ µpb} where
{λ1, µ1, · · · , λp, µp} ⊆ N, µ1 < µ2 < · · · < µp < a and
λp < · · · < λ2 < λ1 < λp + b.

(λ1, µ1), (λ2, µ2), · · · , (λp, µp) ∈ N2, µ1 < µ2 < · · · < µp < a and
λp < · · · < λ2 < λ1 < λp + b.

Theorem:
T = ({λ1a+ µ1b, λ2a+ µ2b, · · · , λpa+ µpb}+ ⟨a, b⟩)∪ {0} is an
I(⟨a, b⟩)-semigroup and dim⟨a,b⟩(T ) = p. Moreover, T is an
I(⟨a, b⟩)-semigroup and dim⟨a,b⟩(T ) = p, then T has this form.
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Theorem: The following condition holds:

1) m(T ) = min{λ1a+ µ1b, · · · , λpa+ µpb}.

2) g(T ) =
(a− 1)(b − 1)

2
+ (λp + b)µ1 + λ1(µ2 − µ1) + · · ·+

λp−1(µp − µp−1) + λp(a− µp)− 1.

3) F(T ) = max{(λp + b − 1)a+ (µ1 − 1)b, (λ1 − 1)a+ (µ2 −
1)b, · · · , (λp−1 − 1)a+ (µp − 1)b, (λp − 1)a+ (a− 1)b}.

Example: a = 5, b = 7, 0 = µ1 < µ2 = 1 < µ3 = 2 and
1 = λ3 < λ2 = 2 < λ1 = 3.
T = ({15, 17, 19}+ ⟨5, 7⟩) ∪ {0}.
1. m(T ) = 15,

2. g(T ) = 4·6
2 +(1+7)0+3(1−0)+2(2−1)+1(5−2)−1 = 19

3. F(T ) = max{7 · 5− 7, (3− 1)5 + 0 · 7, (2− 1)5 + (2−
1)7, (1− 1)5 + 4 · 7} = max{28, 10, 12, 28} = 28.
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3) F(T ) = max{(λp + b − 1)a+ (µ1 − 1)b, (λ1 − 1)a+ (µ2 −
1)b, · · · , (λp−1 − 1)a+ (µp − 1)b, (λp − 1)a+ (a− 1)b}.

Example: a = 5, b = 7, 0 = µ1 < µ2 = 1 < µ3 = 2 and
1 = λ3 < λ2 = 2 < λ1 = 3.
T = ({15, 17, 19}+ ⟨5, 7⟩) ∪ {0}.

1. m(T ) = 15,

2. g(T ) = 4·6
2 +(1+7)0+3(1−0)+2(2−1)+1(5−2)−1 = 19

3. F(T ) = max{7 · 5− 7, (3− 1)5 + 0 · 7, (2− 1)5 + (2−
1)7, (1− 1)5 + 4 · 7} = max{28, 10, 12, 28} = 28.
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Algorithm:

Input: A ∆-incomparable set, {x1 < · · · < xp}.
Output: msg(T ) where T = ({x1, · · · , xp}+ ⟨a, b⟩) ∪ {0}.
1) Compute Ap(⟨a, b⟩, x1) ∪ {0}.
2) Compute B = Ap(⟨a, b⟩, x1) ∩ · · · ∩Ap(⟨a, b⟩, xp) = {w ∈

Ap(⟨a, b⟩, x1) | {w − x2, · · · , x − xp} ∩Ap(⟨a, b⟩, x1) = ∅}.
3) Compute Ap(⟨a, b⟩, 2x1) = Ap(⟨a, b⟩, x1) + {0, x1},
4) Compute C = {x1, · · · , xp}+ {x1, · · · , xp}.
5) Compute D =

⋂
{i ,j}⊆{1,··· ,p}Ap(⟨a, b⟩, xi + xj) = {w ∈

Ap(⟨a, b⟩, 2x1) | {w − c | c ∈ C} ∩Ap(⟨a, b⟩, 2x1) = ∅}.
6) Return (B + {x1, · · · , xp}) ∩ D.
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I(⟨a, b⟩)-semigroups with ideal dimension two

T = ({λ1a+ µ1b, λ2a+ µ2b}+ ⟨a, b⟩) ∪ {0},

(λ1, µ1) and (λ2, µ2) ∈ N2 such that µ1 < µ2 < a and
λ2 < λ1 < λ2 + b.
Theorem:The following condition holds:

1) m(T ) = min{λ1a+ µ1b, λ2a+ µ2b}.
2) g(T ) =

(a− 1)(b − 1)

2
+ (λ2 + b)µ1 + λ1(µ2 − µ1) + λ2(a− µ2)− 1.

3) F(T ) =
(λ2 + b − 1)a+ (µ1 − 1)b if ab ≥ (λ1 − λ2)a+ (µ2 − µ1)b
or
(λ1 − 1)a+ (µ2 − 1)b otherwise.
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Compute all the I(⟨a, b⟩)-semigroups with ideal dimension two
with

▶ a fixed genus or

▶ a fixed Frobenius number.
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Theorem: Let (λ, µ, n) ∈ {1, · · · , b− 1}× {1, · · · , a− 1}× ⟨a, b⟩.
Then T (λ, µ, n) = ({λa+ n, µb + n}+ ⟨a, b⟩) ∪ {0} is an
I(⟨a, b⟩)-semigroup and dim⟨a,b⟩(T (λ, µ, n)) = 2. Moreover, every
I(⟨a, b⟩)-semigroup with ideal dimension two has this form.

Proposition: If
(λ, µ, n) ∈ {1, · · · , b − 1} × {1, · · · , a− 1} × ⟨a, b⟩, then
1) m(T (λ, µ, n)) = min {λa+ n, µb + n} .

2) g(T (λ, µ, n)) =
(a− 1)(b − 1)

2
+ λµ− 1 + n.

3) F(T (λ, µ, n)) = max{ab − a− b, (λ− 1)a+ (µ− 1)b}+ n.
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2
+ λµ− 1 + n.

3) F(T (λ, µ, n)) = max{ab − a− b, (λ− 1)a+ (µ− 1)b}+ n.



Example:

Compute I(⟨5, 7⟩)-semigroups with ideal dimension 2 and genus 34.

(λ, µ, n) ∈ {1, 2, 3, 4, 5, 6} × {1, 2, 3, 4} × ⟨5, 7⟩, λ · µ+ n = 23.

λ = 2, µ = 3 and n = 17,

T (λ, µ, n) = T (2, 3, 17) = ({27, 38}+ ⟨5, 7⟩) ∪ {0} =
{0, 27, 32, 34, 37, 38, 39, 41,−→} is an I(⟨5, 7⟩)-semigroup with
ideal dimension two and genus 34.
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Algorithm:

Input: An integer g such that g >
(a− 1)(b − 1)

2
.

Output:{
S | S is an I(⟨a, b⟩)-semigroup, dim⟨a,b⟩(S) = 2 and g(S) = g

}
.

1) Compute
A = {(λ, µ, n) ∈ {1, · · · , b − 1} × {1, · · · , a− 1} × ⟨a, b⟩ |
λ · µ+ n = g + 1− (a−1)(b−1)

2 }.
2) Return {T (λ, µ, n) | (λ, µ, n) ∈ A}.
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Example:

Compute I(⟨5, 7⟩)-semigroups with ideal dimension two and
Frobenius number 43.

(λ, µ, n) ∈ {1, 2, 3, 4, 5, 6} × {1, 2, 3, 4} × ⟨5, 7⟩, verifying one of
the following conditions:

1) (λ− 1)5 + (µ− 1)7 < 23 and n = 20.
2) (λ− 1)5 + (µ− 1)7 > 23 and (λ− 1)5 + (µ− 1)7 + n = 43.

Then

(λ, µ, n) = (2, 2, 20), then T (λ, µ, n) = T (2, 2, 20) =
({30, 34}+ ⟨5, 7⟩) ∪ {0} = {0, 30, 34, 35, 37, 39, 40, 41, 42, 44 −→}
is an I(⟨5, 7⟩)-semigroup with ideal dimension two and Frobenius
number 43.

(λ, µ, n) = (4, 3, 14), then T (λ, µ, n) = T (4, 3, 14) =
({34, 35}+ ⟨5, 7⟩) ∪ {0} = {0, 34, 35, 39, 40, 41, 42, 44,−→} is an
I(⟨5, 7⟩)-semigroup with ideal dimension two and Frobenius
number 43.
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Algorithm:
Input: An integer F such that F ≥ ab − a− b.
Output:
{S | S is an I(⟨a, b⟩)− semigroup, dim⟨a,b⟩(S) = 2 and F(S) = F}.
1) If F − (ab − a− b) /∈ ⟨a, b⟩, then A = ∅.
2) If F − (ab − a− b) ∈ ⟨a, b⟩, then

A = {(λ, µ,F − (ab − a− b)) | (λ, µ) ∈
{1, · · · , b − 1} × {1, · · · , a− 1} and
(λ− 1)a+ (µ− 1)b < ab − a− b}.

3) B = {(λ, µ, n) ∈ {1, · · · , b − 1} × {1, · · · , a− 1} × ⟨a, b⟩ |
(λ−1)a+(µ−1)b > ab−a−b and n = F−(λ−1)a−(µ−1)b}.

4) Return {T (λ, µ, n) | (λ, µ, n) ∈ A ∪ B}.
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Thanks for your attention!!
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