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ABSTRACT. In this paper, we explore when the Betti numbers of the coordinate rings
of a projective monomial curve and one of its affine charts are identical. Given an
infinite field k£ and a sequence of relatively prime integers ag =0 < a; < --- < a, =d,
we consider the projective monomial curve C C PP’ of degree d parametrically defined
by z; = u®wvi% for all i € {0,...,n} and its coordinate ring k[C]. The curve
Ciy C A} with parametric equations z; = t* for ¢ € {1,...,n} is an afline chart of
C and we denote by k[Cy] its coordinate ring. The main contribution of this paper
is the introduction of a novel (Grébner-free) combinatorial criterion that provides a
sufficient condition for the equality of the Betti numbers of k[C] and k[C;]. Leveraging
this criterion, we identify infinite families of projective curves satisfying this property.
Also, we use our results to study the so-called shifted family of monomial curves, i.e.,
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ap=0<a; <---<a,—1 <a, =d a sequence of
relatively prime integers




ap=0<a; <---<a,—1 <a, =d a sequence of
relatively prime integers

a0 — (0. d) For:=0,...,n—1,

. a; = (a;,d — a;)




ap=0<a; <---<a,—1 <a, =d a sequence of
relatively prime integers

For:=20,....n—1
aog — O,d ) ) 1
9\0 o a; = (a;,d — a;)

‘x‘\ o A={ag,...,a,} C N?




o In general, given B = {b1,...,b,} C N, a set of nonzero
vectors, consider the monoid (semigroup) spanned by B

Sp:=(b1,...,bn) ={a1b1+ - +ayb, |a1,...,a, € N} CN"




o In general, given B = {b1,...,b,} C N, a set of nonzero
vectors, consider the monoid (semigroup) spanned by B
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Fix a field & and consider the semigroup algebra k|Sg]




o In general, given B = {b1,...,b,} C N, a set of nonzero
vectors, consider the monoid (semigroup) spanned by B

Sp:=(b1,...,bn) ={a1b1+ - +ayb, |a1,...,a, € N} CN"

Fix a field & and consider the semigroup algebra k|Sg]

o The toric ideal determined by B: Iz = ker 5
o5 : k[x] — E[t] induced by x; — t%,

k[SB] ~ k[X]/IB

o Ip is a Sp-homogeneous binomial ideal

degs, (7;) :=b;;  degg,(x¥) :=a1bi +---+a,b, € Si



o One can consider a minimal Si-graded free resolution of
k|Sp] as Sp-graded k|x|-module

F:0—F,— - — Fy — k|S] — 0




o One can consider a minimal Si-graded free resolution of
k|Sp] as Sp-graded k|x|-module

F:0—F,— - — Fy — k|S] — 0

o The i-th Betti number of k[Si| is 8;(k|Si|) = rank(F;);
the Betti sequence of k[Sg| is (8;(k|Sg]); 0 <1i < p).

o k|Sg| is Cohen-Macaulay when dim k[Sg| = depth k[Sp].




o One can consider a minimal Si-graded free resolution of
k|Sp] as Sp-graded k|x|-module

F:0—F,— - — Fy — k|S] — 0

o The i-th Betti number of k[Si| is 8;(k|Si|) = rank(F;);
the Betti sequence of k[Sg| is (8;(k|Sg]); 0 <1i < p).

o k|Sg| is Cohen-Macaulay when dim k[Sg| = depth k[Sp].
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k[S1] = klz1,. .., 25] /L4, k[S] = k[zo, ..., 2]/ 1A
k|S1] is CM k|S] can be CM or not



o One can consider a minimal Si-graded free resolution of
k|Sp] as Sp-graded k|x|-module

F:0—F,— - — Fy — k|S] — 0

o The i-th Betti number of k[Si| is 8;(k|Si|) = rank(F;);
the Betti sequence of k[Sg| is (8;(k|Sg]); 0 <1i < p).

o k|Sg| is Cohen-Macaulay when dim k[Sg| = depth k[Sp].

S1=(a1,...,an) S=(ay,...,a,)

k|S1] = klx1,...,x,]/14, kS| ~ klxg,...,xn]/14

k|S1] is CM k|S] can be CM or not
p=n—1 p=n—lorp=n



o One can consider a minimal Si-graded free resolution of
k|Sp] as Sp-graded k|x|-module

F:0—F,— - — Fy — k|S] — 0

o The i-th Betti number of k[Si| is 8;(k|Si|) = rank(F;);
the Betti sequence of k[Sg| is (8;(k|Sg]); 0 <1i < p).

o k|Sg| is Cohen-Macaulay when dim k[Sg| = depth k[Sp].

k|S] is the coordinate ring of a projective monomial curve, C

k|S1] is the coordinate ring of an affine monomial curve, C;
(an affine chart of C)



The numerical semigroup S;: A; = {5,6,7,8,9,10}

_ 5 6 7 8 9 10

Iqg, =(x1 —u’, 29 —u’, 23 —u', x4 —u°, x5 —u’,x6 —u ) Nk|X]
/a2 2
— <335_3743367 Lgls — L3TLE,y - - -, $1—3?6>

Betti sequence of k|S1]: (1,11,30,35,19,4)




The numerical semigroup S;: A; = {5,6,7,8,9,10}
Ig, = {x1 —u’, 20 —u’, 23 —u', 24 —u, 25 — u”, 26 — u'") Nk[x]

/2 2
— (335 — X4Xe, L4Xs — L3LG, --.5 L1 — fE6>

Betti sequence of k|S1]: (1,11,30,35,19,4)

The affine semigroup S:
A =1{(0,10),(5,5),(6,4),(7,3),(8,2),(9,1),(10,0) }

Ig= (xg— v 21 —u’v°, 29 — uSv? 23 — u0?, 24 — u®v?, 25 — vV
10
rg —u ) Nklrg,...,xq
/2 2
= <$5 — X4xe, L£4X5 — L3Lgy ..., L1 — 3305136>

Betti sequence of k£|S]: (1,11,30,35,19,4)

EQuva




The numerical semigroup S;: A; = {5,6,7,8,9,10}

_ 5 6 7 8 9 10
Iqg, =(x1 —u’, 29 —u’, 23 —u', x4 —u°, x5 —u’,x6 —u ) Nk|X]

/2 2
— <£If5 — X4Xe, L4Xs — L3LG, --.5 L1 — $6>

Betti sequence of © 7

_______________________ 0<1<3<14
, Betti seq. of k[S1]: (1,2,1)
The affine sem g oo of £[S]: (1,4,4,1)

A ={(0,10), (5 )}

Ig= (xg— v 21 —u’v°, 29 — uSv? 23 — u0?, 24 — u®v?, 25 — vV
10
rg —u ) Nklrg,...,xq
/2 2
= <CU5 — X4xe, L£4X5 — L3Lgy ..., L1 — $OCE6>

Betti sequence of k|S]: (1,11,30,35,19,4)

EQuva







Bi(k|S]) = B:(k[S1]), Vi, = k|S] is Cohen-Macaulay




Question. When
B;(k[S]) > ;(k[S:]) for all i does equality hold

for all 77?

B;(k[S]) = B;(k[S1]), Vi, = k[S] is Cohen-Macaulay

J. Saha, |. Sengupta and P. Srivastava. Betti sequence of the

projective closure of affine monomial curves. |. Symb.
Comput. 119 (2023)

[S®] Theorem. Let G be the reduced Grobner basis of 14, with
respect to the degree reverse lexicographic (degrevlex) order with
T1 > Ty > "> Ty.

If k|S] is Cohen-Macaulay and x,, belongs to the support of all
non-homogeneous binomials of G, then 3;(k[S]) = B:(k[S1]), Vi.

EQuva




Question. When
B;(k[S]) > ;(k[S:]) for all i does equality hold

for all 77?

B;(k[S]) = B;(k[S1]), Vi, = k[S] is Cohen-Macaulay

J. Saha, |. Sengupta and P. Srivastava. Betti sequence of the

projective closure of affine monomial curves. |. Symb.
Comput. 119 (2023)

[S®] Theorem. Let G be the reduced Grobner basis of 14, with
respect to the degree reverse lexicographic (degrevlex) order with
X1 > Tg >+ > Ty

If k|S] is Cohen-Macaulay and x,, belongs to the support of all
non-homogeneous binomials of G, then 3;(k[S]) = 5;(k[S1]), Vi.

[S®] Condition
EQuva




In our previous example:

. 2
G = {xf — 1426, T4T5 — T3Tg, T3T5 — Talg, TaXs — L1X6

2 2
Ly — L2Lg, L3L4 — 1L, L2X4 — L1xX5, L3 — L1L5

2 2
ToX3 — T1T4, T5 — T1X3, T — Tg}




In our previous example:

. 2
G = {xf — 1426, T4T5 — T3Tg, T3T5 — Talg, TaXs — L1X6
2 2
Ty —X2xg, 3Lg — T1Xgy, L2X4 — T1x5, L3 — T1T5

2 2
ToX3 — T1T4, T5 — T1X3, T — Tg}

x¢ belongs to the support of all non-homogeneous binomials of G

= Bi(k[S]) = Bi(k[S1]), Vi




In our previous example:

(2
G = {22 — 46, T4X5 — T3T6, T3T5 — Taxg, T2Ts — T1T6
2 2

Ly — T2xg, L3L4 — XL1L6, L2X4 — L1X5, L3z — T1x5

2 2
ToX3 — T1X4, T5 — T1X3, T — T}

x¢ belongs to the support of all non-homogeneous binomials of G

= Bi(K[S]) = Bi(k[S1]), Vi

We are looking for a combinatorial condition



° 81:<a1,...,an>

° Ap; i ={y €S1|ly—d ¢ S}
o (Apy,<1) is a poset, where y <; z = 2z —y € Sy.




Apery Set Ap,

° 51:<a1,...,an>

° Apy i ={y €S1|ly—d ¢ &1}
o (Apy,<1) is a poset, where y <; z = 2z —y € Sy.

Apery Set APgs

o §=(ag,...,ay)
° APs :={y €S|y —(d,0) ¢S,y — (0,d) ¢ S}

o (APgs,<g) is a poset, wherey <sz<z—y € S.



Apery Set Ap,

© 51:<a1,...,an>
o Ap, ={yeSi|ly—d¢ St |Ap|=d
o (Apy,<1) is a poset, where y <; z = 2z —y € Sy.

Apery Set APgs

o §=(ag,...,ay)

© APS ‘= {y ES|y_ (d,()) ¢‘Say_ (Oad) %S}
[APs| > d and k|S]| is Cohen-Macaulay < |APg| = d
o (APgs,<g) is a poset, wherey <sz<z—y € S.



Apery Set Ap,

© 51:<a1,...,an>
o Ap, i={yeSi|ly—d¢ S} |Api|=d
o (Apy,<1) is a poset, where y <; z = 2z —y € Sy.

Let (P, <) be a finite poset
Fory,z € P,y<z<%& y < zand

Apery Set APS thereisnows.t. y < w < 2

P is graded if there is a function
p: P —Nst p(z) =p(y)+1ify <z

o §={(ag,...,a,)
> APs :={y € S|y —(d,0) ¢ S,y — (0,d) ¢ S}

[APs| > d and k|S]| is Cohen-Macaulay < |APg| = d
o (APs,<g) is a poset, wherey <sz<z—y €S.




Apery Set Ap,

© 51 — (al,...,an>

o Ap, i={yeSi|ly—d¢ S} |Api|=d

o (Apy,<1) is a poset, where y <1 2 & 2z —y € Sy,
Ap, can be graded or not

Let (P, <) be a finite poset
Fory,z € P,y<z<%& y < zand

Apery Set APS thereisnows.t. y < w < 2

P is graded if there is a function
p:P—Nst plz)=p(y)+1ify <z
o §=(ag,...,ay)

° APS ‘= {y ES|y_ (d,O) ¢S,y— (Oad) %S}

[APs| > d and k|S]| is Cohen-Macaulay < |APg| = d
o (APs,<g) is a poset, wherey <sz<z—y €S.

APg is always graded

EQuva




Theorem [G?]
(ApS, SS) ~ (Apl, Sl) = 51(]6[8]) — Bz(k[Sl]) for all .




Theorem [G?]
(ApS, SS) ~ (Apl, Sl) = 51(16[8]) — Bz(k[Sl]) for all .

|ldea of the proof:

Proposition [G®?]. The following are equivalent:

o The posets (Apy, <1) and (Apg, <s) are isomorphic;
o |APgs| =d, (Apy,<1) is graded &

{al, v ooy an_l} C MSG(Sl)
o [S3] condition.



Theorem [G?]
(Aps, SS) ~ (Apl, Sl) = 51(16[8]) — Bz(k[Sl]) for all .

|ldea of the proof:

Proposition [G®?]. The following are equivalent:

o The posets (Apy, <1) and (Apg, <s) are isomorphic;
o |APgs| =d, (Apy,<1) is graded &

{al, v ooy an_l} C MSG(Sl)
> [S°] condition. (Apq, <1) is graded iff



Ap, = {0,5,6,7,8,9,11,12, 13,14}

11 12 13 14
® ® ® ®
5 ® 6 ® - ® 3 ® 9 ®




Ap, = {0,5,6,7,8,9,11,12, 13,14}

13




Ap, = {0,5,6,7,8,9,11,12, 13,14}

4),(7,3),(8,2),(9,1), (11,9),



Ap, = {0,5,6,7,8,9,11,12, 13,14}




Arithmetic sequence

O0<a;<ar+e<a+2<---<a;+((n—1e, gecd(a,e) =1
RS, AN AN 4

- LS

+e +e +e




Arithmetic sequence

O0<a;<ar+e<a+2<---<a;+((n—1e, gecd(a,e) =1
+e +e +e

Proposition [G®].
(Aps, <s) ~ (Ap;, <) <= a1 >n — 2.




Arithmetic sequence

O0<a;<ar+e<a+2<---<a;+((n—1e, gecd(a,e) =1
RS, AN AN 4
+e +e +e

Proposition [G®].
(Aps,<s) = (Ap;,<1) <= a1 >n—2.




Arithmetic sequence

O0<a;<ar+e<a+2<---<a;+((n—1e, gecd(a,e) =1
e +e +e

Proposition [G®].
(Aps, <s) ~ (Ap;, <) <= a1 >n — 2.

Example: 5 <6 <7<8<9<10
ajl] — 5, n==~0

= (APs, <s) ~ (Ap;, <1)

= Bi(k[S1]) = Bi(k[S]), Vi

The Betti seq. is (1,11,30,35,19,4)

EQuva




D<o <as <---<a,<---<ap-1 <a, arithmetic sequence




0<a;<az<- <, <--<ap1<ay, arithmetic sequence
l ref{2,...,n—1}

Consider A; = {ay,...,a,} \ {a,} and
A={ag,ai,...,a,} \{a,}




D<a; <as <--- <>{< .- < ap—1 < a, arithmetic sequence
l red{2,...,n—1}
Consider A1 = {a1,...,a,} \ {a,} and
A={ag,ai,...,a,} \{a,}

Proposition [G3]

a1 >n—2 and a; # n, if r =2,
Aps ~Ap; <= a1 >nandr<a;—n+1, if3<r<n-2,
aL >n—2, if r=n—1.

Hence, if the previous condition holds, then §;(k[S1]) = 58;(k[S]),
V1.




a1 >n—2 and a; # n, if r =2,
Aps ~Ap; <= qa;>nandr<a;—n+1, if3<r<n-2,

a > n—2, ifr=n—1.




a1 >n—2 and a; # n, if r =2,

Aps ~Ap; <= qa;>nandr<a;—n+1, if3<r<n-2,
aL >n—2, if r=n— 1.

r Ap, ~ APgs k|Sq] k|S]

1 v (1,9,16,9,1) (1,9,16,9,1)

6 v (1,10, 20,15, 4) (1,10, 20,15, 4)




a1 >n—2 and a; # n, if r =2,

Aps ~Ap; <= qa;>nandr<a;—n+1, if3<r<n-2,
aL >n—2, if r=n— 1.

r Ap, ~ APgs k|Sq] k|S]

1 v (1,9,16,9,1) (1,9,16,9,1)

2 v (1,6,10,6,1) (1,6,10,6,1)

6 v (1,10, 20,15, 4) (1,10, 20,15, 4)




a1 >n—2 and a; # n, if r =2,
Aps ~Ap; <= qa;>nandr<a;—n+1, if3<r<n-2,
aL >n—2, if r=n— 1.
r Ap, ~ APg k|Sq] k|S]
1 v (1,9,16,9,1) (1,9,16,9,1)
v (1,6,10,6,1) (1,6,10,6,1)
5 v (1,6,10,6,1) (1,6,10,6,1)
6 v (1,10,20,15,4) (1,10,20,15,4)




a1 >n—2 and a; # n, if r =2,

Aps ~Ap; <= qa;>nandr<a;—n+1, if3<r<n-2,
aL >n—2, if r=n— 1.

r Ap, ~ APgs k|Sq] k|S]

1 v (1,9,16,9,1) (1,9,16,9,1)

2 v (1,6,10,6,1) (1,6,10,6,1)

3 X (1,7,14,11,3) (1,7,17,16,5)

4 X (1,6,11,8,2) (1,7,17,16,5)

5 ve (1,6, 10, 6 1) (1,6,10,6,1)

6 v (1,10,20,15,4) (1,10,20,15,4)




iGracias!

Thank you!
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