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A classical tool to get numerical invariants of a curve singularity is the study of its value
semigroup (see, e.g. [16], [12], [5], [10], [11], [6], [15]). In case of a one branch singu-
larity this semigroup is a numerical semigroup (i.e. a submonoid of N with finite com-
plement in it); in case the singularity has h branches, this semigroup is a subsemigroup
of Nh, belonging to the class of the so-called "good semigroups". Despite their name, the
combinatoric of good semigroups is quite problematic; moreover, for h ≥ 2, it is an open
problem to understand which good semigroups can be realized as value semigroups ([2]).
In case of a plane singularity with one branch, an old result of Apéry ([1]) shows that
there is a particularly strict connection between the value semigroups of the singularity
and of its blowup; this connection is obtained using a particular set of generators of the
semigroup, named "Apéry set". Using that result, it is possible to show very easily the
classical fact that the equisingularity classes determined by the multiplicity sequences
coincide with the equisingularity classes determined by the value semigroups ([5]). In
particular, this method allows to easily reconstruct the numerical semigroup associated to
a plane branch singularity starting from the multiplicity sequence and vice-versa ([3]).
When the singularity has more than one branch, in order to generalize the Apéry result,
two main problems arise: firstly, the Apéry set becomes an infinite set; secondly, in the
process of blowing-up it is necessary to deal with semilocal rings, that cannot be pre-
sented as quotients of a power series ring in two variables, as it happens in the local case.
These problems where partially solved twenty years ago in [4] for the two branches case,
with the help of a result of Garcia ([12]), that holds only for a two-branches singularity.

In this talk, after describing some key definitions and results on good semigroups and
value semigroups of a curve singularity with h branches, I will recall the Apéry process
for a plane branch and then, I will present some recent results obtained in a joint project
with F. Delgado de la Mata, L. Guerrieri, N. Maugeri and V. Micale ([7]), that give a com-
plete solution of the above metioned problems and lead to a constructive characterization
of the value semigroups of any plane curve singularity.

More precisely, we use the fact that the Apéry set of a good semigroup can be seen as a
union of substets, pairwise disjoints, that we call levels ([8], [9], [13], [14]). When we
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start form a curve singularity or from one of its blow-ups (so the ring R is not necessarily
local), we can describe the ring we are dealing with as

R = K[[F ]] +K[[F ]]G+ · · ·+K[[F ]]GN−1,

where F ∈ R is any element of a fixed value, N is the sum of the components of the value
of F , andG can be properly determined. SettingRi = K[[F ]]+K[[F ]]G+· · ·+K[[F ]]Gi,
we show that the levels of the Apéry set of R can be described as the following value sets:

v(Ti) = v(
{
Gi + φ |φ ∈ Ri−1 and v(Gi + φ) 6∈ v(Ri−1)

}
).

Using this theorems, it is possible to prove the following

Theorem 1. Let O be the ring of a plane algebroid curve and suppose its blow-up ring
B(O) to be not local. Let ω be the minimal nonzero element of O. Let Ai and A′i denote
the i-th levels of the Apéry sets with respect to ω of v(O) and of v(B(O)), respectively.
Then Ai = A′i + iω.

The last part of our work is devoted to give an explicit characterization of the admissible
multiplicity trees of a plane curve singularity. This characterization, together with Theo-
rem 1, allows to contruct all the possible value semigroup of a plane singularity with any
number of branches.
Notice that the characterization of admissible multiplicity trees as well as the results about
the Apéry set are independent of the characterisitc of the base field (that we only require
to be infinite).
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